We present the numerical solution of the full gap equation in a weak coupling constant g. It is found that the standard approximations to derive the gap equation to the leading order of coupling constant are essential for a secure numerical evaluation of the logarithmic singularity with a small coupling constant. The approximate integral gap equation with a very small g should be inverted to a soft integral equation to smooth the logarithmic singularity near the Fermi surface. The full gap equation is solved for a rather large coupling constant g ≥ 2.0. The approximate and soft integral gap equations are solved for small g values. When their solutions are extrapolated to larger g values, they coincide the full gap equation solution near the Fermi surface. Furthermore, the analytical solution matches the numerical one up to the order one O(1). Our results confirm the previous estimates that the gap energy is of the order tens to 100 MeV for the chemical potential µ ≤ 1000 MeV. They also support the validity of leading approximations applied to the full gap equation to derive the soft integral gap equation and its analytical solution near the Fermi surface.
I. INTRODUCTION
The deconfined quark matter is expected at baryon densities much larger than the normal nuclear matter density. Any attractive quark-quark interaction causes instability of the Fermi surface by formation of Cooper pairs and leads to the color superconductivity phase. In QCD, the single-gluon exchange between quarks of different color generates an attractive interaction in the color antitriplet channel. Thus the color superconductivity will be formed in a very dense quark matter at low temperatures. However, the quark matter at relatively low densities may have properties qualitatively different from those for BCS-type superconductor. The scattering through a single-gluon exchange strongly correlates the direction of the in and out going quarks. However, there is a logarithmic divergence for the forward angle scattering. This implies that the gap equation is not an exponential in 1/g 2 , as in BCS like theories, but only in 1/g where g is the coupling constant. It is found for the nonzero quark density at low temperature, the free energy is an expansion in g 2 ln(1/g), and appears well behaved even for much larger coupling constant g ≤ 4.
Recently, Pisarski and Rischke [1, 2, 3] have derived the full gap equation in the momentum space for two massless quark flavors with a total spin J = 0 at an arbitrary temperature T . They used the gluon propagator in the hard dense loop (HDL) approximation. They derived the approximate gap equation to the leading order of coupling constant g. It is given by Eq.(72) in Ref. [1] . This equation has a logarithm dependence on the quark energy under the integral. Furthermore, they have approximated the logarithmic term under the integral to derive a soft integral equation that is given by Eq.(80) in Ref. [1] . Hereafter, the approximated integral gap equation is called Eq. (I) while the soft integral gap equation is called Eq. (II). Finally, they have inverted the soft integral equation to an ordinary differential equation to derive the analytical solution. The color superconductivity gap equation has been studied numerically in the time-like energy space [4] . Recently, the numerical solution of the gap equation in the momentum space has received much attention [5, 6] .
At present work, the full gap equation is solved numerically for a rather large coupling constant g = 2 − 4 which corresponds to the chemical potential µ < 1000 MeV. We confirm the previous estimates that for the chemical potential of order 1 GeV, the gap amplitude can be of order tens to 100 MeV. We also study the numerical solution for a small coupling constant g < 2.5 by solving Eq. (I) as well as Eq. (II). We compare the numerical solutions with the analytical one to the leading order logarithmic accuracy. This paper is organized as follows. In Sec. II, we present the full gap equation and its approximated versions. The results and the conclusions are presented in Sec. III.
II. THE GAP EQUATION
The full gap equation for the color superconductivity in the weak coupling with total spin zero and two massless flavors in a dense QCD reads [1] 
where
and
The Matsubara sums over q 0 in the spectral representation for the quantity Ξ(Q) are computed as
where ǫ q = (q − µ) 2 + |φ(q)| 2 . The spectral densities, ρ l and ρ t , are given by
The explicit expressions for the spectral densities ρ pole,cut
are given by Eqns(34b-e) in Ref. [1] . The ω l,t (p) are the solutions of the dispersion relations for longitudinal and transverse gluons which are given by Eqns(37a-b) in Ref. [1] .
In HDL approximation there are three scales in cold dense QCD, the chemical potential µ, the gluon mass m g ∼ gµ and the color superconductivity condensate φ 0 ∼ µ exp(−1/g) and they are naturally ordered µ >> m g >> φ 0 . Pisarski and Rischke [1] have derived the approximate integral gap equation by using the assumptions of these scales from the full gap equation. This approximate integral gap equation is derived in the momentum space unlike to the Eliashberg equation given by Schäfer and Wilczak [4] is derived in the time-like energy space.
The approximate integral equation, Eq.(I), reads
where b = 256π
. This equation can be simplified to a soft integral equation by replacing the logarithm under the integral by [7] 
Hence, the soft integral gap equation, Eq.(II), becomes
. The soft integral gap equation, Eq.(II), is inverted to an ordinary differential equation which has a simple solution to the leading order in g and Fermi surface x * = π/2g. The solution for zero temperature case reads
where x = ln 2bµ k−µ+ǫ k . Furthermore, the analytical solution of the gap equation in the time-like energy space, Eliashberg equation, is given by [4] 
where the overall coefficient is correct up to a prefactor of order one "O(1)". Since the analytical solution of the gap equation to leading order of coupling constant g is undetermined by a prefactor of order one, we assume that the analytical solution at the Fermi surface reads
where ζ is constant of order one.
III. RESULTS AND CONCLUSIONS
We have studied the numerical solution of the full gap equation and the approximations validity for Eqns. Eq. (I) as mentioned above. However, the solutions (I) and (II) become close to each other for a wide range of coupling constant values 1 < g < 3. The solutions of Eqns. (I) and (II) match the solution of full gap equation for 2 < g < 3.0. They deviate from the full gap equation for g > 3.0. The full gap equation solution, for g > 3.0, starts to increase linear logarithmic with respect to g. We also display the analytical solution with prefactor coefficients ζ = 0.5 and 2.0. The analytical solution with ζ = 2.0 seems to fit the solution of Eq. (I) for small g < 1. When the coupling constant g increases, the analytical solution with a prefactor coefficient zeta = 1/2 seems to fit the solutions of Eqns. (I) and (II) as well as the full gap equation for a range 1 < g < 3.0. However, the analytical solution fails to fit the full gap one with a specific prefactor coefficient for the large coupling constant range g > 3.0. Therefore, the analytical solution approximation breaks down for a rather large coupling constant g > 3.0. Fig. 6 displays the amplitude of full gap equation φ 0 at the Fermi surface versus the chemical potential µ in the range 550 MeV < µ < 800 MeV. We have used the running coupling constant defined by g 2 = (8π
The QCD scale is taken as Λ QCD = 400 MeV. The value of the gap amplitude is found of the order of tens to 100 MeV with quark chemical potential that may exist in neutron stars. This large value of the gap amplitude near the Fermi surface confirms the earlier estimates [4] .
In summary, we have studied the numerically solution of the full gap equation and its approximations. The numerical results are compared to the analytical one with the leading order g approximation. It is found that the gap equation has a sharp peak near the Fermi surface for a small coupling constant g < 1. The singularity at the Fermi surface is hard to secure numerically in the full gap equation with small g. The approximation to a leading coupling constant g near the Fermi surface is essential to smear and evaluate this singularity in Eqns. 
